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1. Introduction

In the BPZ formulation of the conformal field theory [fl] the basic dynamical principle is
an associativity of the operator product algebra. Its direct consequence is the bootstrap
equation for the four-point correlation function []. Once a three point coupling constants
of a given CFT are known, the bootstrap equation can be viewed as the basic consistency
condition of the theory.

The simplest CFT with a continuous spectrum, which cannot be obtained from a free
field theory in a simple way, is the Liouville theory. Its three point coupling constants
have been found independently by Dorn and Otto [ and by Zamolodchikov and Zamolod-
chikov [B]. The authors of [[J] also performed a numerical check of the bootstrap equation in
the Liouville theory using a recursive representation of conformal blocks developed in [ —f].

An analytic proof of this equation which combined a Moore-Seiberg formalism of
CFT [[] with a representation theory of quantum groups has been presented in [§, fi]. Using
the results on fusion of degenerate representation of the Virasoro algebra with generic ones
the authors of [}, fJj derived from the consistency conditions of the Moore-Seiberg type a



set of functional equations for the fusion coefficient of the conformal blocks. These equa-
tions were then shown to be satisfied by the Racah-Wiegner coefficients for an appropriate
continuous series of representations of U,(sl(2,R)).

Conformal field theory with N = 1 supersymmetry [L]—[LJ] can be viewed as the sim-
plest generalization of the “ordinary” CFT. Also here the three point coupling constants
of the basic interacting model — supersymmetric extension of the Liouville theory — are
known [[J and some numerical checks of the bootstrap equation in the Neveu-Schwarz
sector of the theory (which employed a recursive representation of N =1 NS blocks devel-
oped in [[[4, [(4]) have been performed [d, [[7]. An analytical proof of the consistency of
the N = 1 supersymmetric Liouville theory is however still missing.

A goal of this paper is to make a step towards such a proof. We put forward a conjecture
on an exact form of the fusion matrix for the two NS blocks that appear in a correlation
function of four super-primary fields and check several of its properties. As one of the main
results of the paper one may regard identities satisfied by the “supersymmetric” extensions
of the basic hypergeometric functions [[[§], derived in section [|. These identities provide
a technical tool which should allow to complete the proof of the consistency of N = 1
supersymmetric Liouville theory (perhaps along the lines mentioned in the last section).

The paper is organized as follows. In section 2 we rewrite the bootstrap equation for
the four-point correlation functions of super-primary fields in N = 1 Liouville theory in the
form of an orthogonality relation for the fusion matrix of N = 1 Neveu-Schwarz blocks. In
section 3 we construct — guided by an analogy with the form of the fusion matrix for “or-
dinary” Liouville blocks! — a conjectured fusion matrix for the basic NS blocks. In section
4 we prove some of its most important properties: orthogonality, symmetry properties and
calculate its form in the case which corresponds to a degenerate representation of the NS
algebra. Section 5 contains proofs of several identities satisfied by a “supersymmetric ex-
tensions” of the basic hypergeometric functions: integral analogs of the Ramanujan summa-
tion formula, Heine and Euler-Heine transformations and analog of Saalschiitz summation
formulae. We end up with some discussion of possible applications of the obtained results.

2. Bootstrap in the N = 1 supersymmetric Liouville theory

Local properties of the N = 1 supersymmetric Liouville field theory (see [[]] for a compre-
hensive review) are described by the action

1 1 _ - _
Sure = [ (5 00 + o (100 + 505) + 2ipb e +2wb2u2e2b¢) SECEY

where p denotes a two-dimensional cosmological constant and b is a Liouville coupling
constant.

The superconformal symmetry of the theory is generated by a pair of holomorphic
currents T'(z), S(z) and their anti-holomorphic counterparts T'(z), S(z), where T and T

IThis analogy extends in fact to other objects in supersymmetric and “ordinary” Liouville theory, in-
cluding reflection amplitudes, boundary two point functions and “bulk” one point functions in the disc and
in the Lobachevsky plane geometries, see for instance [E]



are components of the energy-momentum tensor while S and S have dimensions (3/2,0)
and (0, 3/2), respectively. The modes of T' and S satisfy the algebra:

[Lm; Ln] = (’I’I’L - ’I’L)Lm+n + %m (m2 — 1) 6m+n,
m — 2k
5 Smths (2.2)
c 1
{Sk,S1} = 2Lp 1 + 3 </€2 — —> O+t

[LWLa Sk] =

4

with m,n € Z, while k,l € Z + % in the Neveu-Schwarz sector and k,! € Z in the Ramond
sector.

In the present paper we shall discuss only the Neveu-Schwarz, i.e. local with respect
to S(z), fields. In the space of NS fields there exit “super-primary” fields, realized in
the supersymmetric Liouville field theory as an appropriately normal ordered exponents
Va(z, 2) = €*¢(*2) They satisfy:

[Lm Va(oa 0)] = [Sk‘a Va(070)] =0, n,k >0,
(Lo, Vi (0,0)] = AaVi (0,0), Do = 50(Q —a) (2.3)

(and similarly for the “right” generators L, and Sj) where Q = b+ b~! is the background
charge related to the central charge of algebra as

3
== +3Q%
c 2+Q

Each super-primary field is the “lowest” component of the superfield

Do (2,0;2,0) = Vo(2,2) + 0Ao(2,2) + O Ao(2,2) — 00V, (2, 2), (2.4)
where

Ao = [S1jo Ve, Ao = [So1p2.Val, Vo = {S_1/2, [S-1/2.Val }

and 6,0 are Grassman numbers. Global superconformal transformations (generated by

Lo, S, 1, L+ and their right counterparts) allow to express three-point function of primary
2

superfields in the form:

<‘1>a3(23,93;53,9_3)‘I>a2(22,92;52,9_2)‘1>a1(21,91;51,9_1)>
= Z;QIZ;YQI ngZ??lQ Z;f’Z;lg <CI)043(OO7O§ 00,0)Pq, (1,0:1, é)q)oq (0,0; 07O)>7 (2'5)
where v; = 2A; — (Al + Ay + Ag), Zij =2z;— 2 — 929] = Zij — HZ-HJ-,

1 1
O = ——— (90 0 [ — —610903 | ,
\/m<1223+ 2231 + 03212 50102 3)

and
B, (00,0;00,0) = lim R*32%3¢, (R, 0; R,0).

R—o0



The three point function is thus determined by the superconformal symmetry up to two

independent constants,

C(as, a9, 1) = <Va3 (00,00)Vq, (1,1)V,, (0, O)>,

Clas, s, an) = <Va3(oo,oo)1~/a2(1,1)Va1 (0,0)>.

Their form in the N = 1 supersymmetric Liouville field theory,?

Tns(203) Tns(2a2) s (201)
Tns(o — Q) Yns(ar42-3)Tns(a43-1) Tns(sp1-2)
~ . Tns(203) Tns (2a2) Tns (2001)
Clas, as, =3 C ,
(a3, a2, 1) = 1 Col) Tr(a — Q)Yr(a142-3)TrR(243-1)TR(Q341-2)

Clas,az,a1) = Cy(a)

with
Q

e = (i (L) 57) st

was first derived in [l3]. Here @ = a1 + a9 + a3, a142-3 = a1 + ay — ag, etc. and the
special functions involved (Ynsr(z),'nsr(z) below etc.) are defined in appendix A.
It is convenient to combine C' and C in the matrix notation

C(as, az,a1) 0 )

Clag,a2,01) = ( 0 Clae, . o)

Let us define:
Falaiazl(z) = (7 [a382) (o), 7, [2 2] (=)
where F¢ and 2, denote an even and an odd N = 1 Neveu-Schwarz block (14, [[4].
Four-point correlation function of super-primary NS fields in the N = 1 supersymmet-
ric Liouville field theory,

Gu(z,%) = <Va4(oo, 050) Vg (1, 1)Va2(z,Z)Val(0,0)>,

can be written either in the “s—channel” representation:

dog _ as a
Ga(z2) = [ 2 [Clanan,0)Clan.az,an) |73, [1252] )

9 iRy

— s, a3,05)C(s, 00, 01) | 72, [3252] (=) 7]

d s 2 Tlasa — ~ [ag a f
= / ? ‘7:045 [Oéi a?](z) C(a4aa3aas) + 03 C(CMS,OZQ,OQ) (‘7{15 |:Oéi a?](z)> 3

9 +iRy

or in the “—channel” representation:

doy 2 . f
Gu(z,2) = / S R 2] (1= 2) Claw,asa) - 03 - Clair,ag,a2) (Fa [382] (1= 2))

9 +iRy

2The constant C differs from a corresponding constant in [@] by a factor of %, and consequently an odd
NS block differs by a factor of 2 from the conventions of [E]



Here and in what follows we use a convenient notation @ = @ —a (notice that for a € %+iR
1 0
0-1
Coincidence of the s— and t—channel representations of the four-point correlation func-

it is indeed the complex conjugate of o) and o3 =

tion constitute the bootstrap equation for the super-primary fields in the supersymmetric
Liouville field theory (SLFT).
Defining the SLF'T fusion matrix Fg,q, [0‘3 0‘2] through the equation:

o4 o
Fol[2202](2) = /% Fone [1 2] (1 = 2) Faor [22 2] (2.6)
Os g a1 i at g a3 QsQt |ag 1] .
9 iRy

we can rewrite the bootstrap equation in the form of an orthogonality relation:

da T
/TS Fasat [gi g?] : C(Oé470437045) ©03 - C(@57a27a1) ' <Fozsoz§t [gi gﬂ)

9 +iRy
= Clag,ap, 1) - 03 Clay, az, ag) i6(ay — o). (2.7)

Let

Nis (3, a9, 01) = I'ns(2Q — 2a3)T'ns (202)T'ns (201) ’
I'ns(2Q — azyor1)I'ns(342-1)I'ns(o41-3)Ins (@ 43-2)
I'ns(2Q — 2a3)Tns (202) g (201)
Ir(2Q — azy2+1)TR(a312-1)R(241-3) TR (Q143-2)

Nr(asz, a2, a1) =

N, [0392] = Nxs(au, az, o) Nns(as, ag, o) 0 (2.8)
@otaaen 0 Nr(au, s, as)Ng(as, a0, 0q) )
and
-1
Gasar [as a7] = Ny [a} a2] - Fasar[aaz] - (Na [2303]) (2.9)

These definitions are motivated by an identity:

Ns |:043 a2:| C(Oé4,0[3,0[s) $ 03 C(C_VS,OZQ,OQ) (Ns |:043 ag])T

a4 ] Qg4 a1
bQ

= <7r;w <7> b1b2> ' (T&s(o))z |Sns (2as) | o0, (2.10)

Q-a14243+4

where op = <(1) ?) In view of (R.I0) we can rewrite the equation (R.7) as a simple

orthogonality relation for the matrix G :

d S ag o ag o f .
55 155200 Gaven[12] - (Gaa [2322) ' = ISks(2a0) 2 o iB(ar — ). (211)

9 +iRy

a3 asg

&322 js expected [ff] to be invariant with respect to the

The fusion matrix Fasat[
separate conjugations a; — @ — «; of all six of its arguments (and thus to depend only
on the conformal weights A; = %ai(Q — «;)) and should not change under exchange of its

rows and columns,

Foun 53] = Fouo[342] = Foea 3251
QsOt | g O] st |3 g QsOt |(v1 4] °



3. Explicit form of the fusion matrix

In analogy with [}, fj] we shall define a “supersymmetric”, deformed hypergeometric func-

tion:
o ER B2 (B 2)
F(a,ﬁ,%z) = <F1£Ig)(a,ﬁ;’y; Z) Fl(;—)(a B 2 ) (3.1)
where:?
&) a o Sns(y)
FNS (a,ﬂ,%z) - SNS(CV)SNS(ﬁ)
) /°° a7 inrs {st,(ma)stmm . sR<T+a>SR<T+ﬁ>}
o Sns(T+7)SNs(T+ Q) Sr(T+)SR(T+ Q)]
), .y Sns(y)
0 l%32) = 5 () s(B)

% 70d_7' oimTz |:SNS(T—|—OZ)SN8(T—|—ﬂ) N Sr(T + )Sr(T + ) ]
¢ SR(T+7)SR(T+Q) ~ Sns(T+7)Sns(r+ Q)|

—100
It satisfies an important relation:

Sns(z+ 92720
SNS(Z‘FW)

0

0
Sr(z+ Q+1ga—5) F(fy — o, — 67 v 2)7 (32)
Sn(e+ TETE)

F(a, B;7; 2) = T 7002

which arises by expressing (5.7) through the functions Sxg and Sg.
Let us further define:

1
Os(zlas) = —= ome(F+as—ar—az) (1 1) Flas + a1 — ao, as + asz — ay; 20,5 —ix),

12 Y (3.3)
. ) .
@t(.%"at) = m e—wx(at-i-oq—az;—%) (% _%) F(at + o1 — oy, 0 + a3 — a; 2(1,5; Zx)
Explicitly,
1 O3 (x|as) 0% (z]as)
O,(z|lag) = —= Sns(2a NN NR U (ag),
(rlas) = 55 s as) <9§R<x|as> ~ B3 (alay) ) )
with
~1
U (a ) _ SNS(Oés + a1 — Ozz)SNs(Ozs + a3 — d4) 0
e 0 Sr(as + a1 — a2)Sr(as + az — ay)

3The contour of integration is located to the right of the poles of the integrand coming from the poles of
the functions in the numerator and to the left from the poles of the integrand due to zeroes of the functions
in the denominator; see definitions in section E and appendix A.



and

Oin(@las) = / AT ra(§+r+as—ar—az) SNS(T +as + a1 — az)Sns(7 + a5 + a3 — aa)
NN s i Sns (T + 2a5)Sns (T + Q) ’

—100
100
Oxr (z]os) = / d—T ome(FH+T+as—a1—az) Sns(T + as + ar — ag)Sns(7 + as + ag — au)

i Sr(T + 205)Sr(T + Q) ’
| (3.4)
/ dr ewx(%+7+asfa17a2) SR(T +oas+a; — QQ)SR(T + as + ag — d4)

—1300

i Sns (T + 2a5)Sns (T + Q) ’

O (z]ers) =

i dr Q o) SR(T+ as+ a1 — a2)SR(T + as + az — ay)
03 ) = mx( E4T+as—ar—az) PR .
belon) = [ et Su(r +20)9k(7 + Q)

—100
Notice that Us(ay) is z—independent and (for oy, oy € % + iR) unitary,
UJ(QS)US(QS) = US(QS)UJ(QS) = 0o0-
Finally, define (unitary) normalization factors:

s [z o Sb(as + a3 — (X4)S|,(045 —a1 + OéZ)Sb(as +a; — 042)
My [ahar] =

Qg Q1

, b = NS, R,

M [32] = (

ay oy

b
Mivh [a3 az] — <MNS [gi gﬂ 0 ] > , h =S, t.

- ; ) (3.5)

Qg o 0 Mlh{ [gs ag

Let

Sns(20)
az a2 |
Ga’sat |:Cv4 Cvl] SNS(2OZS)

a4 ] Qg 1

o, [z32))! | [ar Ofelanestalan | My [32] . @6)
R

and

Fouo [0t 03] = (Noo [5122]) " Gaper [3582] - Now [2223] (3.7)

a4 01 a4 3 Qg4 1 Qg 1
where the normalization factors Ny [93 %2] are defined in eq. (§).

We expect that an equality:

Fasozt [a3 a2] = Fozsozt [a3 OQ] ) (3-8)

a4 ] Q4 1

where Fq,q, [gi gﬂ is the fusion matrix defined in eq. (R.6), holds. In the next section we

shall present some arguments in favor of (B.§).



4. Properties of the matrix F

4.1 Orthogonality

A short calculation allows to check an identity:

1
/dx @l(m|as)®s(az|a;) = ZSNS(QOZs)SNS@a;)
R

7

— /°°d_ <<Trmss> <Trsrss>>*<<ﬂ§rs;> <:\§rs;>>U(a,)7

—100

where oy = %—i—fs, aly = % +&L, &, €L € iRy and the symbols (1 |X] &) etc. are defined in
subsection p.3. Using (5.19), (5.13) and relations:

|SNS(2as)|2 = SNS(Q - 2£S)SNS(Q + 253) = %
we thus get
/dx Ol (x| )04 (z|) = 0g i6(as — o). (4.1)

R

Furthermore, since

([ drax o ) )
HNN(I"QS)GNN(y’(XS) = // 77 em;(Q-}-fr a1 —a2)+my(—A a1 +az—Q)

SNs (%+T+a1—a2 SNs (%+T+a3—d4>
) AN N PR

. )
Sns <%+/\+a1—a2> Sxs (%+A+a3—a4

and

Or (2] 0vs)Onr (ylas) = /

—100

ar dA oTT(Q+T—a1—az)+my(—A+ai+a2—Q)

T 1

SNs <%+7+0¢1—0¢2> Sns <§+T+a3a4g (r 5] £2) (€0 5] A)

X

Sxs (%+A+a1—a2> Sns <%+/\+a3—@4



we get

81
as€G+iRy

/ 905 | 6xa(20ra) 2 [Bun (]rs)Bas (9]re) + (v B (]ess)]

// dr d)\ mg(Q-{—T—al—042)+7Ty(—)\+041+0‘2_Q)

—100
y Sns($ + 7+ a1 — a2)Sns($ + 7+ az — ay)
SNS(Q +A+a; — (XQ)SNS(% + A+ a3 —au)

ﬁ (e ({7 RIED (€ BRIV + (rRIEN EIN) = o — ),

fioo

where we used the symmetry £ — —&; of the function

p(€0) ({7 81 €6) (6 INIA) + (731 &) 465 131 X))

to extend the &, integration over the entire imaginary axis and applied eq. (5.15). Repeating
essentially the same calculation (and using eq. (5.14) for the off-diagonal elements) we
eventually get

dog
[ %= eutalaslivlan) = avdta - ). (4.2)
as€G+iRy

Analogous orthogonality and completeness relations are satisfied by O(z|ay),

/dw Ol (z|ay)Oy(x]) = 09 i6(cy — ), (4.3)
R
and do,
[ % entalanelislan = b~ ). (1.4)
€ G +iRy
Consequently:

do
J5 ISs(0)l G [215] Gy [2252)

9 +iRy
= Sns(2a1)Sns(2a4)
das a3 o
MEE) //dasdy@T dad) | [ 0ualaOltvlan) | €ylal) My [z
Q 1iR,
— Sus(2a)Sa2a]) (ML [512])' [ do Ol(alar)eyalal) My, [2151]

R
= |Sxs(20y)|? 00 i6(ay — ),



where we used ([L.), ([L.3) and unitarity of MY, [3322] . In result the equality (B.§) implies

oy o

validity of the bootstrap equation for the four-point correlator of the NS super-primary
fields.

4.2 Symmetry properties

Using (B.4) one can work out an explicit expression for the matrix G. It is of the form:

Sy + a1 — ) S, (o — ag + @) S(as + a3 — ou)S) (s — a1 + az)
Sy + a1 — aq) Sy (o — ag + az) S(as + az — au)S) (s — a1 + ao)

Sxs(2a)> [ dr -
e 0 Jasat[ i 2] » (4.5)

4 Q4 1

G az a2t _
asOt lovq 1] J —

—100

where the superscript « = 1 (subscript 7 = 1) on the Lh.s. corresponds to the function Syg
on the r.h.s, the superscript « = 2 (subscript y = 2) on the L.h.s. corresponds to the function
SR on the r.h.s. and:

SNS(T + 071)SNS(T + aq + g — ch)SNs(T + Oél)SNs(T + oy + a9 — dg)
SNs(T + ag + ay)Sns (T + ag + ap) Sns (T + g + as)Sns (7 + e + a)
SR(T + d1)SR(T + aq + g — ag)SR(T + Oé1)SR(T + a4 + g — dg)
SR(T + g + &) SR(T + ag + ay)Sr(T + s + as) Sr(T + as + ag)
Sns(T + @1)Sns(T + ayg + s — ag)Sns(T + a1)Sns (T + ay + ag — @)
SNs(T + ag + ) Sns(T + ag + o) SR(T + ag + as)Sr(T + a2 + as)
Sr(T 4+ a1)Sr(T + au + az — a3)Sr(T + a1)Sr(T + a4 + @z — &3)
_SR(T + ag + @) SR(T + g + o) Sns(T + g + @s)Sns(T + as + ag)’
SNs(T + @1)Sns(T + ay + s — ag)Sns(T + a1)Sns (T + ay + ag — @)
SR(T + ay + &) SR(T + g + ap) Sns (T + a2 + @) Sns (7 + e + ag)
Sr(T 4+ a1)Sr(T + aa + a2 — a3)Sr(T + a1)Sr(T + a4 + @z — &3)
SN (T + o + @) Sns (T + o + o) SR(T + g + @) SR(T + g + a)’
SNs(T + @1)Sns(T + ayg + s — ag)Sns(T 4+ a1)Sns (T + ay + ag — @)
SR(T + ay + ) SR(T + g + o) SR(T + ag + as)Sr(T + a2 + ay)
Sr(T 4+ a1)Sr(T + au + az — a3)Sr(T + a1)Sr(T + a4 + a2 — &3)
SNs(T + ag + @) Sns (T + ag + ay)Sns (T + ao + as)Sns (T + as + a)

Ja,on [gi gﬂ ' 1=

Jasar [gi gﬂ ' 2 =

Jasar [gi gﬂ ? 1=

Jasar [gi gﬂ ? 2 =

Multiplying elements of (.§) with the corresponding elements of normalization factors
N (see eq. (B-7)) we obtain an explicit expression for the matrix F:

[y(a + a3 — ag)ly(a + a3 — ag)ly (o + &g — o)l (o + a3 — )

Fj(ds + a1 — a2)]?](ds + a1 — OZQ)FJ(OZS + oy — ag)FJ(as + a1 — Oéz)

" Dy(ar+ a1 —ag)l(ay + a1 — ag)T(og + a1 — ag)Tly(ar + a1 — ay)
Ty(as + az — aa)Ty(as + az — d4)F (as + a3 — aa)ly(as + a3 — du)

PNS(QQS)PNS 2045 / 3 043 a2:|l
-

Qs
4PNS(Oét - at)PNS Oét - Oét M o
—100

F azaz]?
asOt lag 1] J —

(4.6)

,10,



Notice that F is explicitly invariant with respect to conjugations a; — @ — «; for ¢ =
s,t,1,3. Employing (B.2) we further get:

Foso 25 21) = Foso 5181
st | g o1 Qs |0v] Qg4 ] °

The matrix on the r.h.s. of this equation is explicitly invariant with respect to conjugations
as — @ — ag and oy — @ — ay. This property therefore holds also for the matrix on the
l.h.s. The matrix F thus depends only on the conformal weights and enjoys an invariance
with respect to exchange of its columns,

Fo,o [QS QQ] =Fo,a [a2 QS] . (4.7)

Qg a1 Q1 Qg

Finally, since the deformed hypergeometric function (B.1) is invariant with respect to ex-
change of its first two arguments,

Fa, B;7;2) = F(B, 57, 2),

all the factors in the definition of the matrix Fq,q, [22 &2] are invariant with respect to the

simultaneous exchange a; < a3 and as < ay. We thus have

F a3z a2 —F aq Oy = F [e5 e
QsOt |vqg 1] ~— QsQt | 3| — QsQt g a3 | 0

a3 a2

ol a1] is invariant with respect

and using ([.7) we finally conclude that the matrix Fasm[
to exchange of its rows as well,

Fo.a[0302] =Fa.a [0201]. (4.8)

g o a3 Q2
4.3 Special values of the arguments

In this subsection we shall discuss the limit ay — —b. Four point correlation functions con-
taining degenerate field V_j satisfy a third order, ordinary, linear differential equation which
can be derived from the requirement of decoupling of the null field (L,lsf 1+ b3S ;5 ) Vi_p.
It follows form the form of this equation that the operator product expan;ion of Vib with
an arbitrary primary field V,, decomposes onto three conformal families [Lq]:

V—b VCVl € [Va’l—b]ee + [Val]oo + [Val+b]ee : (49)

This property is reflected by the fact that the conformal block F? [4392](z) possesses a

as [ag aq

(23 %2] () exists if and

Qs g a1

well defined limit gy — —b if and only if ay = a3 b, while aliin b.7-"°
only if ay = a. The four-point correlation function of the ﬁzld V_p and the super-primary
fields Vi, Vas, Vo, with arbitrary aq,as, a4 € % + R4 can be thus expressed through
these three blocks. Since this property cannot depend on our choice of the decomposition
“channel”, the integral in the equation (E) must descent for oy = a7 £b,0 and g — —b
to a sum containing just three terms.

Let us check this for the block F5 ., (@35 ](2). To this end we need to calculate the

« Qg4 Q1
limits
. az a2l 1: ag oyt _
alzlr—r»lo Fortborlatar] 1= alglr—% Foitba[asas] 1 =12 (4.10)
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For oy = a1 — b the pre-factor of the integral in F, ypq, [gg g;]’ 1 contains a term
I’;Ié (ag+b), and thus (f.10) vanishes unless there is a compensating, singular factor coming
form the integral in (f.). As explained in ([f], Lemma 3), such a singular term can arise
in the process of analytic continuation of the integral

100
/ dTT Jarba [50]"1 = Ins(a2) + Ir(az),
—100
o0 — —
INs(ch) _/ d_T SNs(T + CVQ)SNSET + a3+ o1 — a4)SNs(T + OCQ)SNs(T + a3+ o1 — 044)
7 SNs(T + a3 + Oét)SNs(T + a3 + Oét)SNs(T +Q — b)SNs(T + 2a1 + b)

In(as) _/ dr Sr(7 + a2)Sr(7T + a3 + a1 — ) SR(T 4 02) SR(T + ag + a1 — ay)
R\®2 i Sr(T+ as + ay)Sr(T + asg + ay)Sr(T + Q — b)Sr(T + 201 + b)

—100
to ag = —b if the integration contour gets “pinched” between two poles of the integrand;
the singular contribution is obtained by calculating the residue at any one of these poles.
Such a pinching occurs in Ixg(ag), where the pole at 7 = b, coming from zero of the function
Sns(T + @ — b) in the denominator and located to the right of the contour, “collides” in
the limit ay — —b with a pole at 7 = —ay from the term Sng(7 + ag) in the numerator,
located to the left of the contour. Calculating the residue we get:

70 _ 5 Sns(Q — 2a2)Sns (g + a3 — ay — ag)Sns(ar + a3 — ay — az)
NS(az) - o _ — = )
Sns(Q — b — a2)Sns (201 + b — ) Sns (g + ap — o) Sns (s + @y — o)

and consequently:

i F asantl  Ins(261 —2b)  Tns(ay +ap — ap)Uns(qu + o — ag)
m a1+b,ou |:Cv4 al] 1= — — — —
as——b I'ns(2a1)  TI'ns(@g + ag —ap — b)I'ns (0 + a3 — a1 — b)
Ins(as + ap — ar)'ns(oa + o — )
FNs(Oz4 + a3 — o — b)FNs(Oé4 + a3 — a1 — b)
« lim I'ns(as+az—ay)I'ns(ar —az+ao)'ns (a3 +as —a ) Ins (@ —az+az)
az—0 2TNs(@)I'ns(202)I'ns (200 — Q)I'ns(Q — 20u)

Functions in the last line possess poles which move as we change as, pinching the contour

of integration over ay (which is originally the semi-line % + iRy). We get two pairs of
colliding poles: the poles of I'ng(ar — a3 + a2) at oy = a3 — ag and ag — as — 2b (to the
left of the contour) collide with the poles of I'ng(a3 + ag — o) at oy = a3 + ag + 2b and
ap = ag+ g (to the right of the contour). Calculating residues of the colliding poles we get:

dOét
: e [a] « a3 —b a] —b
ah_I}l_b ‘7:01,5 [a}; a?,](l —CC) FOéH-b (e a4 a1 Z FJrs |:a4 al] a3+sb|:a411 CVS] (1 —CU),
2 Q s=+1
§+ZR+
where

FNS(2@1 — Qb) FNS(Q - 20&3)
Ins(2a1)  T'ns(Q — 203 + 2b)
FNS((X4 + a3 —a; + b)PNS(@4 +as —a; + b)
FNs(a4 + a3 —a; — b)PNs(@4 + a3 — o) — b)’

Fop o] = (4.11)

- 12 —



and

I'ng(2a01 — 20 I'ng(2a3 —
Fio o] = Ll S MG k) (4.12)
B S I'ns(2a1)  I'ns(203 — Q +20)
" I'ns(og + @3 — a1 +b)I'ns(ou + a3 — o + b)
I'ns(ag + a3 — o —b)Ing(ay + @3 — g —b)
The case
. 2 . 2
aIQH—I»lO Faler,at [gi gﬂ 1= OLH_I}O FalJFb’at [gg g;]
is similar. Calculating the residue of the colliding pole we get:
T 2
/ 7 Jal+b7at [gg g;] 1
—100
_ Sns(Q — 2a)Sns (g + a3 — ag — ) Sns(ar + a3 — g — az) + regular
SNs(Q — b — ag)Sns (201 + b — a2)Sr(asz + ap — az)Sr(az + & — az) ’
and
. asan12  I'Ns(2aq — 2b) Ir(ag4 + & — o)TR(Gy + o — a1)
11m FO(1+b,a’t |:044 a1:| 1— — — — _
as——b PNS(QOél) FNs(Oz4 + a3 —ap — b)FNs(Oé4 + a3 — a1 — b)

Ir(og + ap — ag)Tr(ay + o — )
PNs(Oz4 + a3 —a; — b)PNs(Oé4 + a3 —ap — b)
< Lim FR(ag—i—ag—at)I’R(at—ag—l—ag)FR(ag—i—ag—@t)FR(dt—a3+a2) ‘
az—0 2Tns(@)I'ns(202)I'ns (204 — Q)I'ns (@ — 2a)

This time in the last line there is only one pair of poles pinching the a; contour: a pole of

the function I'g (o — a3 + 2 ) located at oy = aig — g — b collides in the limit ag — —b with
a pole of the function I'g (a3 + 2 — o) at oy = a3+ ag +b. Calculating the residue we get:

. doy 2 _ _
im [T F [382] (- ) oy [202]71 = Fro 80| 72 8|0 - ),
9 +iRy
where
F.o |:g3 _O? ] _ FNS(2@1 — Qb) FR(2a3 —Q — b)FR(Q —2a3 — b)
B S I'ns(2a0) I'ns(2a3 — Q)I'ns(Q — 2a3)
I'r(ay + as — al)I’R(o?4 +as—aj)
FNs(d4 + a3 —a; — b)PNs(@4 + a3 — o) — b)
I'r(ayg + as — Ocl)PR(Oz4 +as3—aj)
FNs(a4 + a3 —a; — b)PNs(Oé4 + a3 — o) — b)’
and where

bQ
b~ =2

cp = lim

FR(OQ)PR(Q(XQ + b) — 9cos (@) P(bQ)
az——b FNS(O(Q + b)PNs(QOéQ)

()

One can check in the same way that the fusion equations for 73 [%3 7?2 ](2) as well as for
grb[gg 2](2) also contain only three terms, proportional to F¢ b (a5 ](1 — 2) and

,13,



Fo, 10172 1(1 — 2) (the algebra involved becomes more elaborate — in the case of F3,
one gets from the J integral two contributions from the colliding poles and in the case of
F§&,_p we have three pair of poles pinching the 7 contour — and we shall not present these
calculations here).

As a final check let us calculate for ({.13), (f:11]) and (1) the corresponding elements

of the G matrix (B.6)). Using (B-7), (B-§) and (A.4) we get:

G |:043 —b } _ SNS(2a3 - 2b) SNS(Oél + a3 — oy + b)
o Sns(2a3)  Sns(on +ag —ayg —b)

cos (a1 + ag — au) sin Z(aq + az — aq — b)

— CcoS wb(a3 — %) sin 7Tb(a3 — b) > (4.13)
G ] = sl ) Sl 2o oat Y
Ns(2a3 — Q + 2b) Sxs(a + ag — az — b)

_ _cos%b(a1+a4—a3) sin%b(a1+a4_a3_b)’ i

cos 7Tb(043 — g) sin whag
and

Sns(2a3)Sns(2a3)  Sns(aq + a3 — ay + b)Sns(or + o — a3 +b)
SR(QOég + b)SR(Q@g + b) SR(Oél + ag — 044)SR(041 + ay — 043)
_ cos (a1 + ag — au) cos L (ag + aq — ag) (4.15)

sin wbag sin wh(ag — b)

az —b | __
G+70 |:Oz4 al] -

It is reassuring to compare ([L13), ([E19) with the results of [[f], where F¢ ,[22 ~? ](z) and

Fa, [gg _05’1] (z) have been calculated (in the double integral representation of Dotsenko and

Fateev [R(]) by solving the corresponding null vector decoupling equation (see especially
appendix C of [[L{]).

Let us conclude this section with the following comment.* As in the case of the con-
formal blocks, application the Moore-Seiberg formalism [ results in a set of a consistency
condition for the fusion matrices of the superconformal blocks: the pentagon and the

hexagon equations. In the appropriate limit these equations descend to a set of linear and

a3 —b

ax 041] as (some of the)

quadratic equations for a generic fusion matrix elements with Fns[
coefficients.” This set of equations (together with the self-duality b — b~! and the symme-
try properties discussed in the subsection [1.9) is expected to characterize the fusion matrix
uniquely. In view of this fact the coincidence of coefficients calculated in this section and
the special fusion coefficients calculated in [[Lf],

Qg4 a1 Q4 a1

F+,S |:043 - } = FJr,S |:oz3 b ] ) s = :l:a 0’

is a rather strong argument for the validity of the relation (B.§).

41 would like to thank the referee for an encouragement to discuss this point.
®The other coefficients are given by the special values of the fusion matrices of the blocks Fa [a37a2](2)
and Fo["53 "a2](2), see [Q] for the notation.
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5. Special functions related to the Barnes gamma

5.1 Integral identities

We shall derive several identities satisfied by a hypergeometric-type integrals constructed

out of the Barnes functions Gnsgr(z) and Sxsr(), generalizing results of [RZ].

They

include analogs (for the motivation of this terminology see [R3|) of the Ramanujan sum-

mation formula (equation (f.§)), 1> Heine transformation (equation (f.4)), Euler-Heine

transformation (equation (f.7)), and the Saalschiitz summation formula (equations (p.§)

and (.9)).

Let us denote:

100

(+) _ [ 4 [ Gns(T+ ) Gr(7 +a)
5 _ [ dr +
ns (@ ) ] T ° |G rQ-07) " Gr(rt+ Q)]
—z'oo (5.1)
ZOOdT s Gr(r+a) Gns(T + @)
B _ [ T gins 1
R (aaﬁ) ' i € _GNS(T+Q_O+) GR(T+Q)
Using ([A.4) one obtains:
(1 + eiwb(ori-ﬁ)) Bl(\l—g) (Ck +b, ﬁ) =(1+ e”ba) Bé{-f—)(a’ ﬁ)’
(1= emetD) B (a+b,5) = (1- ™) BE (@, 5),
(1 z7rb oz-l—ﬁ)) Bl(\I_S)(a+b7 ﬁ) - (1 +ei7rboz> Bg)(a,ﬁ), (52)
(1 + eimb(ath) > Bl({)(a +b,8) = (1- emba> Bl(\ITS,)(% 8,
and
<1 4 oimbla+B) ) B (0, B+1b) = (1 + e”bﬁ> B (a, ),
(1 - ™) B0, 5+ 1) = (1-¢™7) B (a,5),
(1= ™) B (0, 5+) = (146™7) B (@, ) (5:3)
<1 + zwb(a+ﬁ)) BI(% )(a,ﬁ—i—b) _ (1 _eiwbﬁ> BI(%—F)(OC’ﬁ).

For b € R\ Q equations (p.9), (5.3), together with their counterparts obtained by substi-
tuting b — b~!, determine the functions involved up to o and 3 independent factors,

() _ A+ Grs(@)Gxs(B) ) () Gns(a)Gr(B)
BNS (a,8) = CNS Gus(a+ 6) ) BNS (a,8) = CNS —GR(a )
(5.4)
(+) _ () Gr(a)Grs(B) -) (- Gr(a)Gr(p)
BR (aaﬁ) - CR GR(O( +ﬁ) ) BR (aaﬁ) - CR GNS(Q +B) .
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The factors Cl(\IiS)R can be computed by explicitly calculating all the functions appearing
in (5.4) at special values of «; since:

100

dr . 1 1 2
B(i) —1 _ / Wl anTf ' + ' — :
R (b 7ﬁ) ‘ i € 1 — eimbr 1+ eimbr ib(l ¥ emb—lﬁ)’
and
ice i iTQp
(+) (11 dr e 2 q+e
B b~ —b = — ‘ . = ;
NS ( ’B) / i (1 _ embr) (1 + q—lembr) ib(l + q) 1 — e2mib=1p8’
B (b —b,5) = / ar il L2 g™l
NS ) ' i (1 + ez‘an—) (1 _ qfleiwbr) ib(l + q) 1 — e2mib~1p
with ¢ = ei”bQ, we get a “supersymmetric”’, integral analog of the Ramanujan summation
formula:
Tdr s Gus(r+) inQ [ Gxs(8) Gr(8) ]
wrinTB NS — 5 (3 NS
/ P e ra-om ¢ " e p T Grarh))
T dr 3 Gr(T+ ) inQ? [ Gns(B) Gr(B) ]
@r irrg YR T &) _ Sl NS B R
/ i ¢ Grr+Q) ¢ ns(@) |Grns(a+3)  Gr(a+8)]’
' h (5.5)
dr Gr(T + ) inQ2 [ Gns(6) Gr(B) ]
@ inTpB R _ Sl NS R
/ P ewrre-0m ¢ G+ s) T Esa+ B
[dr mmgGns(rta) _ we? [ Gus(8)  Gr(B) |
inr3 GNS _ NS R
— P —— - = 8 Gr(«a — .
/ i Gr(r+Q) R | Grla+ 5~ Crsla+ )]

Formulae (f.5) allow to derive an analog of the 1F, Heine transformation. Let us introduce
a shorthand notation:

-NN- (a ﬁ v; Z) _ / d_T eiﬂ'TZ GNS(T + OZ)GNS (T + ﬂ)
NN / i Gns(T 47— 07)Gns(T+ Q — 0F)’
RR], o [ 47 e Gr(+)Ga(r+0)
_NN_(Ohﬁa’Yaz)_ / i (S GNS(T+’Y—O+)GNS(T+Q—0+)’

<a> _ Gxs(a) <a> _ Gr(®)
B)xs  Gns(B) B Gr(®)
Using (b.§) to express a ratio of the first function from the numerator and the first func-

tion from the denominator as an integral, changing the order of integration and using (f.5)
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again we get:

(8B (2, (B B r-oceom
(1 B o= (2 (]« [ -
(- D) s = (, ) (] PA)) o - szt i,
(B + ) @mer = (, ) (R - [R5 ey - s+ i,

plus twelve similar formulae with the other combinations of the Gns r functions.

Combining (three times) formulae (f.§) with an exchange of the first two arguments
of the involved functions one arrives at the “supersymmetric” integral analogues of the
Euler-Heine transformations. Four out of sixteen formulae of this type read:

(o
= (62) 0 (20) s (20 o (R #[RR] ) 0=z -
(5] e
~(02) 0 20), (6 2) (RN - [f]) -0 -z -
(RN - [NE]) (@i 57)

() B s
B <vgf’>R<z—zA> S<7§a>NS<[§§] i [§§]>(v—ﬂw—aw;z—A),

where

2575
:(’ygﬂ> (z_ZA>R<fy OC)NS<[§§]_E%])(’Y—B,’Y—a;’y;z—fl),
e

A=~vy—a—-p.

Reflection properties of the G functions (A.§) allow to write

Gns(2) _imAQiA—2:) GNs(Q+ A —2)

Grs(z — A) Grns(Q—2)

and similarly for the other combinations of R/NS. Using this type of relations, formu-
lae (5.4) and taking Fourier transform of equations (f.7) one obtains a set of integral
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identities analogous to the Saalschiitz summation formula. In particular one gets:
l/dT oimTQ |: Gns(T + «)Gns (T + B)Grs (T + )
i Grs(T+0)Gns(T+a+ B+7 -0+ Q)Grs(T+ Q)

—100

N Gr(T + @)GR(T + B)GR(T +7)
GR(T +0)GR(T +a+ B+7 -0+ Q)Gr(T + Q)
_ o3 o F0Q0) Grs(@)Grs (B)Grs (1)Grs(Q +a — 0)Grs(Q + B — 6)Grs(Q +v — 9)
Gns(Q+a+8—0)Gns(Q+a+~v—0)Gns(Q+ B+~ —9) ’

(5.8)

and
1 /°° P [ Gns (T + @) Gns(r + B)Gr(T +7)
i Gr(T+0)Gns(T+a+ B+7 =0+ Q)Gns(T + Q)

—100

GR(T + @)Gr(r + B)Gns (T + ) } (5.9)

F ons(r £ 0)Gr(r+a+B+7—0+0)Gr(r + Q)
— i¢; 8 QD) Gns()Gns(B)Gr(V)GR(Q +a — §)Gr(Q + 8 — §)Gns(Q +7 — )
GrR(Q+a+8-0)GNs(Q+a+v—0)Gxs(Q+F+v—0)

Taking in these equations the limit v — ¢oco we finally obtain the formulae:

;7" ir e [l G 9) | Gulr )Gt )
Gns(T+0)Gns(T+ Q) Gr(T +0)Gr(T + Q)

_ 9¢8e50@9) Gns(a)Gns(B)Grs (@ + a — 6)Gns(Q + B — 6)

—100

Gns(Q+ a+ B —0) (5.10)
and
E 70d7 TR [GNS(T +a)Gns(T+B) | Gr(T+ a)Gr(T + B) ]
oy Gr(T+6)Gns(T+ Q)  Gns(T+0)Gr(T + Q)
_ 93 o500 Ens(CNS(AIGR(Q + 0 — )Cr(@ + 5~ 9) -~

GR(Q + o+ B - 5) ’
which will be the main tool in the proof of the orthogonality relation presented in the next
subsection.

5.2 Orthogonality and completeness relations

Define for £ € iR

(rI1e) = : - owslor)
Sns(Q+7+E&—01)Sns(Q +7— & —07) Sns(Q + 71+ € —01)’
(€ = ! - nkon)
Sns(Q+T+E—0M)SR(Q +7—9) Sns(Q+&+7—01)
etc. and
(O = : = wleortd
Sns(@+T7+E—€)Sns(Q+T7—E—¢) Sns(Q+T74+E&—¢)
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Orthogonality
Using the relation between S and G functions as well as the formulae (5.10) we get:

[ [@rin® @ Rie® + @ mn® rie]
_ o5 (8-8) 70d_7 oimQr [ Gs(7+ & +€)Ons(T — &1 4 6)
i Gns(Q+ T+ & —€)Gns(Q + 7 — &2 —¢€)
Gr(T+& +€)Gr(T — &1+ €)
GrRQ+T+&—€)Gr(Q+T—& —¢)
_ 9¢3e 7 (€3-€1)—2ime3 Gns(2€ + §4)Grs (26 — €4 )Gns(2€ + € )Grs(2¢ — € )
Y Gns(4e) ’

where {4 = & £&. In view of (A.G) the r.h.s. vanishes in the limit € — 0 unless {_ = 0
(we cannot have £, = 0 since J&; > 0, ¢ = 1,2). Consequently:

—100

JE i eie) + @ in e
_ 4205 (3-€7)~2ing] _ o2
4G “e Gns(§4)Grs(—€4) 11H(1)7T(46 — ) (5.12)

S (262) T
Sns(26 + Q) d(p2 —p1) = (&) d(p2 — p1),

where & = ip;, 1 = 1,2 and
v(€) = —4sinwb¢ sinwb L€,

Similarly:
T : : O 11 N gy
[ F [@rin® @ pe - @rn® ria]
ot [ e[ Glr 1+ sty 4
i Gr(Q+T7+& —e)Gr(Q+T -8 —¢€)

GR(T + &1+ €)GR(T — & +€)
Grs(Q+ 7+ & —€)Gns(Q + T — &2 —€)
— _9i¢ 3T (§8-6F)—2ime] GR(2€ + &4 )GRr(2¢ — & )GR(2¢ + £ )GR(2¢ — 5—).
0 Gns (4e)

_l’_

The function Gg(x) is regular in the vicinity of the imaginary axis and taking the limit
€ — 0 we have for £,& € iRy :

100

[ & e in ehie) - @liin kel =o. (5.13)

—100
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Completeness

Define
ve(§) = —48iI1(7TbE§)sin(711);1{)7 bEL = bl —e, A = At

and consider an integral:

0= [ Z [ L@l - AR ERIN + (- A1) €] e

4 100 100 T
-y (D | [du i,y Sns(w) / AV iz (pip,) NS (U + Ac)
= 2 ) Sns(u = Ae + Q) o Sns(v+ Q)
4 & 100 ’ 100 ’ T
+Z (=) d_u o5 (p—rr) Sr(u) @ e%(pﬁka)SR(v +A) 7
P 2 - 7 Sr(u— A + Q) I 7 Sr(v+ Q)

whereu=7+¢& v=r—§ and py = —p3 =b+b"1 —2, pp=—pys =b—>b"1 It can be
calculated by means of the formulae presented in the appendix A and we get:

IO p) = Zi(Ap) = T3(N p) + Z5(A, p) — Z4(A, p)

where

pe 4 e) G (Q 4o e)

It is immediate to check with the help of relations ([A.4)) that outside of the singularities
of the functions involved liH(l] Z¢(\, p) = 0. However, since for € — 0 some of the singularities

approach the lines Sp = 0 and A = 0 (the integration contours for the distribution
Z(A, p)), we have to be more careful. The correct way of proceeding is analogous to the
calculation in section [L3.

For (), p) being a test function consider

‘ zood)\ zoodp E
pi = lim T/TIi(AaP)SD()‘aP)- (5.14)
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Z;(X, p) have poles at imaginary A and p axis. From the form of 7§, 7§ and Zj it is clear
that all one has to do to define the limit € — 0 of these terms is to deform the contour of
integration over A such that it avoids the singularity at A = —e. Since no poles pinching
the integration contours appear, there are no contributions from the residues and

dx [d

G,
where Cy and C, denote the deformed contours.
The situation for Zj is different. In the complex p plane a function Gns ( Ae 4 e)
has a pole at p = p_ = Ac — 2e = X — € (to the left of the integration contour p € iR),
-1
while a function Gng (Q + %)‘6 — e) has a pole at p = p; = —Ac +2¢ = =X + € (to the

right of the integration contour). For A, e — 0 these poles collide. Choosing to deform the
contour past the pole at p = p_, taking into account ([A.6) and the relation

o lim @ SZs(Ae)Gns(Q — 2¢)
055 i GNs(Ae)Gns(Q + A — 2¢)

—100

©(A Ae — 2¢)

= 1. A )\ -
:L% | & Sw@a PO
d)\ 7.7r 2€
15% | T s@omrh AT = 200,
we get
d\ [dp
1 = /7 / (A, p)p(A, p) + 16¢(0,0),
G
and finally
4 dp k
3" or = 160(0,0) / / = D (DTN p)e(A p)
k=1 Ca k=1

k
16(0,0) + /? /d—-p [Z DFIT(, p)] p(Ap) = 169(0,0),
C C

i
k=1
what proves the equality
mZi(A, p) = 163(A)d(p).

Taking the inverse Fourier transform we have
100

/&)t - ARIE ERIm + = AR €Bim ) = [ 52 Bvp)e™ = 830

—100 —100

[ de
1

(5.15)
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Analogous computation gives:

/C” /dg VI = A [€) (€ X7) = (r = Ac[S1€) (€ [&] 7)] e~ im0

GNS< et e) Gns (Q+ 22 —¢)  Gr(b+25x) Gr (b1 4+ 25x)
GR(%%—G) GR(Q%—%’\C—G) GNS(b—FerQ)\E)GNS(b 1+p+’\6>
GR(%%—G) GR(Q"‘%&—E) GNSGH-%)GNS(I)_ +&)
Gns (p?”re) GNS(Q‘F%&—E) GR(b-ﬁ-%&) GR<b_1+%>\€).

252

_l’_

Since in this case there are no poles pinching the integration contours (and Sg(\) is regular
for A\ € iR) we get:

[ 5 r©(m- B ERm - - AR ERD) = 0. (610

—100
6. Discussion

Construction of the fusion matrix presented in this paper can be placed on a more firm
ground by establishing its relation (in the spirit of [§, [J]) to the representation theory
of quantum groups. A natural candidate (see [R4]) is U,(osp(2[1)): g-deformed universal
enveloping algebra of osp(2|1) with a deformation parameter ¢ = eimb? [BF]. Indeed, gener-
alizing the construction of [d] one can define on V = L2(R) x L?(R) a continuous series of
representations of Ug(osp(2|1)) with the generators given by:

(+) — ombz 0 [51 +Q - a]R (=) _ —7bx 0 [51 +a— Q]R
Yo m =0 <[5m+Q—a]NS 0 Pt T 6 +a—Qls 0 ’

and
ib
Ko = T4 oo,
where
a —
and
imba __ % _imba __— b ZTrba imba __— %
e 2 T2 —e "2 Ty? T2+e 2 T,7
[51‘ + a]R = inb2 7i7rb2 ) [5$ + a]NS = inb2 71'7\'172 :
e 2 —e 2 e 2 +e 2

This representation possesses many virtues analogous to those of the representation of
U,(s1(2,R)) studied in [f], which proved to be crucial in relating U, (sl(2, R)) to the Liouville
(£)

theory. For instance, replacing in vy ' and K, the parameter b with b~!, we obtain a
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continuous family of representations (on the same space V) of generators of a “dual”

quantum supergroup Ug(osp(2|1)) with the deformation parameter ¢ = ™™ Since

Tib Sns(a —iw) o — iw] (o — iw) Tib
“ SNs(d - iw) [5[ ZW]NS SR(d iw) w?
Tib Sr(a — iw) _ [ —iw]r Sns(a — iw) Tib
Y Sr(@—iw) [a—iwlr Sns(@ —iw) 7
where , )
sin ¢ cos ¢
an = — ol = —
sin 75~ cos 75~

it is easy to see that for a unitary matrix

~ Snsla—iv)
To = ( NS(azw)SR(a—iw)>

0 Sgr(a—iw)

~(+£) ()

and O, = vg, K, being Fourier-transformed generators vy,” K,, we have:

6Qfa fc\z = fc\z 6aa

what proves equivalence of representations O, and Og_,. Moreover, it turns out to be
possible to express a Clebsch-Gordan coefficients for this representation through a ratios
of special functions Snyg r and to relate the matrix F to the Racah-Wigner coefficients (the
main technical tools for this construction are provided by the formulae from section [).
This results will be reported elsewhere [26].

Let us conclude with a few remarks.

Results from the quantum Liouville theory have a number of applications, to name only
quantization of Teichmiiller space of Riemann surfaces [27 and relation between Liouville
theory and the ng WZNW model P§-BJ|. Extension of these results with the help of
the results of the present paper seem to be both possible and interesting.

The fusion matrix of conformal blocks is related (through the “renaming” of variables)
to the three point correlation function of the boundary operators in the Liouville theory [B3,
B4]. Once the fusion matrix of the NS blocks is known, it seems not to be difficult to
generalize this link and calculate the (so far unknown) three point function of the boundary
operators in the NS sector of the supersymmetric Liouville theory.

Last but not least, it is plausible that the result of the present paper will allow to better
understand some general properties of the N = 1 super-conformal Ramond blocks [i(].
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A. Definitions and main properties of the Barnes functions

For R« > 0 the Barnes double gamma function has an integral representation of the form:

o0 _ ,Qt Q _ 2 Q
dt e T _ g7 3 2 — T < -z
log T'p(z) = /— — _
t | (1—et)(1—ct/h) 2¢t t
0
It satisfies functional relations
V2 bb® 2
T b) = T
o) = ST ),
\/2_b7£+l (A1)
Iy (ac + bil) = Wix”rb(x),
L'(3)

and can be analytically continued to the whole complex x plane as a meromorphic function
with no zeroes and with poles located at x = —mb — n%, m,n € N. Relations (A1) allow
to calculate residues of these poles in terms of I'y(Q); for instance for z — 0 :

) = @ L o),

2rx
It is convenient to introduce

= ! x :71“1)(:5) r) = e~ 3e(@Q-2)g, (o
LonQ-n MW Rgon @W Silx), (A.2)

and, borrowing the notation from ], to denote:

Ins(z) = Ty (%) Ly (mJ;Q> ; Ir(z) =T (x;b> Ly <x+261> ;

Tns(z) = o (%) Ty (w J; Q) : Tr(z) =T, (x ; b) Ty (x +le> :

Using relations ([A.1]) and definitions (A.2), (A.3) one can easily establish basic prop-
erties of these functions. They include:

Tb(.%')

etc.

Relations between S and G functions

Gns(z) = (o e'—%x(Ql—x)SNS(x)’
Gr(z) = e 7 (pe~ 17@ D) gp(x),

7i7rQ2
where (; = e s

Shift relations

+1

bty b

Sns(z 4 1) = 2cos ( ) Sr(z),  Sr(z+b*') = 2sin ( ) Sns(®),
(A.4)

Gns(z + b1 = (1 + ei”bilm> Gr(z), Gr(z + bt = <1 — e”bing) Gns(z).

— 24 —



Reflection properties

Sns(#)Sns (@ — x) = Sr(z)SR(Q —z) =1

and consequently:

Gns(2)Grs(Q — x) = (2o~ T0(@),
im ir (A5)

Asymptotic behavior

1, r — +100,
GNS(:E) - {COQ e—%x(@— ) .

¥ x— —ioo,

G () 1, T — +100,
RT) = ef%gg e*%r(Q*I), T — —100.

Zeroes and poles

Sns(z) =0 & z=Q+mb+nbt, m,n € Zxo, m-+n € 27,
Sr(z) =0 & z=Q+mb+nbt, m,n € Zx>o, m+ne€2Z+1,
Sxs(z)™t1=0 & z=—mb—nb1, m,n € Zxo, m+n € 27,
SR(JU)_1 =0 & z=—mb—nb1, m,n € Zx>o, m+n €27+ 1.
Basic residues
. 1 ) 1
lim z Sns(z) = —, lim x Gns(x) = —(p. (A.6)
z—0 ™ z—0 ™

B. Integral formulae for the functions Snsr(x).

In this appendix we have collected the integral formulae satisfied by the rations of two of
the special functions Sxg r(x). They can be derived from (b.5) and read:

o S ) s (@80 Q+f-a
) zT QSNRS((TTTZ)) = Srl@) <<Q+ﬁ+a>> <<Q+22ﬁ+a>>
(B.1)
Fir oy nslrta) s Gxs (255-2) ) G (2552
o Sr(T + Q) Gr (422)  Gys (2222 ]
and
d s S + ) _GNS Q+B—a Gr Q+8—a)\
N zT 6511:;(7' +Q) = Sns(@) Gn <(Q+§+a>) * Gr EQJr;ra; ’
) (B.2)
d MT Sil ) -GNS Qtp—« Gr Q+B—a\ ]
/ ZT BSRR(:"‘S) = Sns(a) _GNS EQ_%-H% B Gr EQ-i-;-ag_
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We shall also need expression for the complex conjugations of the L.h.s. They are of the form:

and

Far ey Saln) Grs (£572)  Gr (2572)
Gr (4152)  Ons (2552) ]

7 SNs(T—Oé—i-Q) N

—100

o ey Sus(r) Grs (940=2) Gy (Qto=2
g [, )

7 SR(T—Oé+Q)

—100

T _in Sns(7) Gs
5 NS _

— e 2 = Sns(a

7 Sns(7—a+ Q) Ns(e) G

—100

(#452) |, on(%52)

(#5%2)  Gn(252) ]
ic0 Ke <Q+ﬁ—a) Ch{(Q+5_a)_.

(#52)  an(%3)

(B.4)

dr _in Sr(T)
o m__ PRV _
i ¢’ SrR(T —a+ Q) Ss (@) G

—100
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